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We reformulate for the pion system a perturbative approach based on the use of quark composites
as fundamental variables. In this approach the QCD action is modified by the addition of irrelevant
operators which provide the action for the chiral composites, which are then replaced by auxiliary
fields. The quark action is treated as a perturbation. The resulting expansion generates the inter-
actions of the chiral models, namely, apart from terms involving the parameter of explicit breaking
of the chiral symmetry, powers of the covariant derivatives. As a consequence of the spontaneous
chiral symmetry breaking the quarks are confined to any order of perturbation theory.
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QCD in the high energy limit is eciently described
by the perturbative expansion in the coupling constant.
Even though the lattice formulation has allowed us to in-
vestigate the low energy limit, it is still highly desirable
to devise an analytical scheme which could incorporate
and unify all key-ingredients, and among these, quark-
connement. For this reason we have developped an ap-
proach based on the use of quark composites as funda-
mental variables. The idea behind it is that a signicant
part of the binding of the hadrons can be accounted for in
this way, so that the "residual interaction" is suciently
weak for a perturbative treatment.
The quark composites approach is in principle fairly
general, since it allows us to treat all the hadrons compos-
ites. Their actions, being operators of dimension higher
than 4, are irrelevant if accompanied by the appropri-
ate powers of the cuto, and can be added to the stan-
dard regularized action without changing the renormal-
ized theory.
For technical reasons the composites with the quantum
numbers of the mesons and the barions are treated in a
dierent way. The nucleon composites, for instance, nat-
urally satisfy the Berezin integration rules and we derived
the substitution rules which allow us to replace polynomi-
als of the quark elds by appropriate polynomials of nu-
cleon composites [1] in the partition function. The meson
composites instead are replaced by auxiliary elds [2] by
means of the Stratonovich-Hubbard transformation [3].
A perturbative expansion can be formulated by treat-
ing the quark action as a perturbation. The parameters
of the expansion are the inverse of two dimensionless con-
tants, kN ; kpi, entering the denition of the nucleon and
chiral composites, the inverse of the pion decay constant
F and the parameter m of the explicit chiral symme-
try breaking. The terms of this expansion are similar
to those of phenomenological models, with the coupling
constants appearing in the vertices given as integrals over
the quark and gluon elds depending on the perturbative
order. The way the phenomenological structures are gen-
erated in our approach is truly remarkable.
This perturbative expansion was applied to the
nucleon-pion system, but only the contribution of order
1=(kNkpi) was evaluated. It has the form of the familiar
Yukawa vertex [1], but is proportional to the square of the
chiral symmetry breaking parameter, so that at present
we do not know the more important symmetric terms.
To further develop our approach it is essential to enforce
the chiral invariance in its nonlinear realization. It is in
fact generally believed that low energy QCD should be
described by eective actions whose form is dictated by
chiral invariance and its breaking. Our approach should
therefore be able to derive these models from QCD, and
determine the arbitrary constants appearing in them.
One way to introduce a nonlinear realization of chiral
invariance is through the appropriate covariant deriva-
tive. Since our approach has been formulated in a lat-
tice regularization, we need a denition of such covariant
derivative on a lattice. In the present paper we give such
a denition and reformulate our perturbative expansion
for the chiral mesons. We get the interactions of the chi-
ral models, namely, apart from the terms involving the
parameter of the explicit breaking of the chiral symme-
try, powers of the covariant derivatives. To zeroth order
we get the leading terms of the chiral models, while the
rst order corrections turn out to be renormalizations of
the zeroth order action plus a term which does not con-
tribute at the tree level, but does contribute to higher
orders. Even though our expansion is not renormalizable
by power counting, due to the renormalizability of QCD
it must be renormalizable in the sense that only a nite
1
number of free parameters is generated by the countert-
erms because of the BRS identities.
A very attractive feature of the present perturbative
expansion is that, as a consequence of the spontaneous
chiral symmetry breaking, the quarks acquire a mass of
the order of the cut off and are therefore unphysical. This
is not a proof of connement, because the quarks could
become free due to nonperturbative eects. However the
quarks are perturbatively conned, which makes our ap-
proach internally consistent in this respect.
We assume the modied partition function
Z =
Z
[dU ][dd] exp[−SY M − SQ − SC ]; (1)
where SY M is the Yang-Mills action, SQ is the action of
the quark elds and SC is an irrelevant operator which
provides the kinetic terms for the quark composites with
the quantum numbers of the chiral mesons.  is the quark
eld while the gluon eld is associated to the link vari-
ables Uµ. Dierentials in square brackets are understood
to be the product of the dierentials over the lattice sites
and the internal indices. All the elds live in an euclidean
lattice of side Na.
We introduce the following notation for the sum over
the lattice




The quark action is











µ we mean the sum over negative as well as positive
values of , while
P
µ is restricted to positive values only.
We adopt the standard conventions
γ−µ = −γµ; U−µ(x) = U+µ (x− ^): (5)
Since the quarks are perturbative conned, we can ignore
the Wilson term. In any case this procedure can be jus-
tied in a rst order calculation by assuming the Wilson
parameter r of order 1=kpi.
The chiral composites are the pions and the sigma
~^ = i kpi a2 γ5~; ^ = kpi a2 : (6)
γ5 is assumed hermitean, the ~ ’s are the Pauli matrices
and a factor of dimension (length)2, necessary to give the
composites the dimension of a scalar, has been written
in the form a2kpi .
Since for massless quarks the QCD action is chirally
invariant, the action of the chiral mesons must be, apart
























Ω ( Ω is the number of quark components,
equal to 24 for up- and down-quarks) was inserted for
convenience and we introduced the source ~J of the pion
eld. Heuristic considerations, based on experience with
simple, solvable models, lead [2] to the following form of





a22− 2 ; (8)
where  is a dimensionless parameter and 2 the laplacian
on the lattice. The irrelevance of SC requires that  do
not to vanish and kpi do not to diverge in the continuum
limit. We can parametrize them according to
kpi = (ak)νk ;  = (aρ)−νρ ; (9)
provided the exponents satisfy the inequality
k  ρ: (10)
A necessary condition for the contribution of order
1=(kNkpi) to the nucleon mass to be nite [1] is that
ρ = 1. Since it comes from the explicit breaking, and
the contribution from the spontaneous breaking has not
yet been evaluated, we do not regard this condition as a
very stringent one.
We replace the chiral composites by the auxiliary elds
~ and 0 by means of the Stratonovich-Hubbard trans-
formation [3]. Ignoring, as we will systematically do in
the sequel, eld independent factors, the partition func-











exp [−SY M − S0
+
(






exp [−SY M − S0 + Tr ln(D −Q)] ; (11)



















and we absorbed the quark mass mq in the breaking pa-
rameter m according to
2
m ! m− 1p
Ω kpi
mq: (14)
The action S0−Tr ln D resembles the model of Gell-Mann
and Levy [4]. We showed [2] that the chiral symmetry
is spontaneously broken down to the isospin symmetry,
the mass of the  is divergent while the pions can be
given their actual mass by tting the breaking param-
eter m. We now perform the transformations over the
auxiliary elds and the quark elds which make explicit









1− i ~  ~ γ5p
1 + 2
~ ;  = ~














































1 + ~(x)  ~(x + ^)p
(1 + 2(x)) (1 + 2(x + ^))
+
i~  ~(x) ^ ~(x + ^)p
(1 + 2(x)) (1 + 2(x + ^))
+i~ 
~(x + ^)− ~(x)p
[1 + 2(x)] [1 + 2(x + ^)]
γ5
#





For Q = 0 we get the action of the composites in
the Stratonovich-Hubbard representation which, retain-








































where the covariant derivarive
~Dµ(x) =
~(x + ^)− ~(x)p
[1 + 2(x)] [1 + 2(x + ^)]
(19)
is obtained from the continuum one by a simple point
splitting prescription. It is indeed remarkable that, apart
from the explicit breaking, it is invariant under the bro-
ken symmetry transformations
~ = ~(1 − 2) + 2~(~  ~); R = 0; (20)
because, as in the continuum, the covariant derivative
undergoes an isospin rotation under the above transfor-
mations
 ~Dµ = 2(~ ^ ~) ^ ~Dµ: (21)
The minimum of S0 is obtained for










Its dominant part is therefore, neglecting the fluctuations


























It contains the leading terms of the chiral models [5].
Since 0 
p
Ω, in the previous papers we performed
a saddle point expansion of asymptotic parameter Ω. To
make contact with the chiral models here we expand in
the inverse of the renormalized pion decay constant F
dened according to





; F = 184 Mev: (24)
The limit of large Ω is then be replaced by the limit of
large F at  constant, and the parameter  is accordingly
eliminated in favour of F . The expansion obtained is ob-
viously not renormalizable by power counting, but, owing
to the BRS identities, only a nite number of free param-
eters can be generated by the counterterms. Assuming

















































[f(x + )− f(x)]: (27)
Now S0 has the familiar form of the leading terms of the
chiral models, and we can discuss the tuning of  with
the lattice spacing. If we want F nite we must assume





We then see from (11) that the eective quark mass
= kpiR =
p
Ωk=(ρa) is divergent, so that the quarks
are conned in the sense that they are unphysical. We
should emphasize that this result is solely due to the
spontaneous breaking of the chiral symmetry, and does
not depend on the breaking parameter.
In the following we will assume ρ = k = 1. After























1 + pi2F 2
: (30)
The second term of ~S comes from the Jacobian of the
transformation (15) over the auxiliary elds, while the
Jacobian of the transformation over the quark elds is 1.
We expand the Tr ln(1− ~D−1 ~Q) wr to m . To rst order











































∗A different option was first considered, to get renormal-
izability by power counting of the composite model (in the
absence of the quarks): ρ independent of a. In this case F is
divergent, S′ is essentially free and the pion interactions are
entirely generated by the quarks. The quark are still confined,
even if in a weaker form. Their mass is in fact finite but equal
to kpiρ
2F/2, so that they do not propagate to any finite order
of perturbation theory.
In the term linear in J we neglected all the corrections in
m. A and Bn are still to be expanded in powers of 1=kpi.
Because of the symmetry (20), A contains only powers of
the covariant derivatives which are the only existing in-
variants. We evaluated the corrections of order 1=k2pi. To
this order A is a quadratically divergent renormalization


















B1 contains a nite renormalization of the local term of












































The value of k remains therefore undetermined to this
order. All these terms do not involve the gluons, which
will appear to the next order, in analogy with the rst
order corrections in the case of the nucleons [1].
A nal remark concerns the possibility of using our for-
mulation (11) of QCD in numerical simulations. Indeed,
since the spontaneous breaking of the chiral symmetry,
the connement of quarks, the generation of the mass
of the pions and their leading interactions are accounted
for by the diagonal term D, the evaluation of the quark
determinant should be easier.
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